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Garvan noted that some “curious” relations hold between the numbers N(r, m; n) 
and M(r, m; n) when m = 5. Alternative versions of these relations are given, 
together with some similar relations for the case m= 7. Here, N(r, m; n) and 
M(r, m; n) denote the number of partitions of n whose ranks (as defined by Dyson), 
respectively cranks (as defined by Andrews and Garvan), are congruent to r 
modulo II. 0 1992 Academic Press. Inc 
Dyson [Dl] defined the rank of a partition to be the (signed) difference 
between its largest part and the number of its parts. Denoting by N(r, m, n) 
the number of partitions of n whose ranks are congruent to r modulo m, 
he noticed that various relations appeared to hold between the numbers 
N(r, m, kn +s), for various values of r and s, when m= k= 5 and when 
m = k = 7. Of particular interest are the relations 
N(O,5,5n+4)=N(l, 5,5n+4)= ... =N(4,5,5n+4), 
(1) 
N(O,7,7n+5)=N(1,7,7n+5)= . ..=N(6.7,7n+5), 
since they give body to the Ramanujan congruences [R], viz. p( 5n + 4) z 0 
mod 5 and p(7n + 5) E 0 mod 7, respectively. All the relations found by 
Dyson, which appear in full in Theorem A below, were shown to be true 
by Atkin and Swinnerton-Dyer [ASD]. 
Ramanujan also showed that p(lln + 6) ~0 mod 11. However, in 
general, the partitions of 1 In + 6 are not sorted into equal piles by the 
values of their ranks modulo 11 and Dyson [Dl] suggested there might 
exist a crank which would perform this trick. A protocrank was discovered 
by Garvan [Gl, G23. He defined certain “vector partitions” and assigned 
to each such partition a “rank.” Denoting by Nv(r, m, n) the (weighted) 
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count of the vector partitions of n with rank congruent to r modulo m, he 
showed that, not only do the relations (1) (with N, for N) hold, but also 
that 
N,,(O, 11, lln+6)=N,(l, 11, lln+6)= ... =N,(lO, 11, lln+6). 
Subsequently, Andrews and Garvan [AG] found a genuine crank. With 
M(r, m, n) denoting the number of partitions of n with crank congruent to 
r modulo m, they showed that 
unless n = 1. 
(2) 
I give here the (slightly different) crank of Dyson [D2]. Suppose 
71 := (n,, nn,, . . . . n,- 1) 
is a partition with the parts in non-increasing order. Let t := rc,, - rci. Then 
7c has crank 
t- Ar, if 1 >O, 
-s, if t=O 
(with the convention that nk = 0 when k > s). (The Andrews-Garvan crank 
of a partition, 7c, is the negative of the Dyson crank of the conjugate of rc. 
This difference does not affect the numbers M(r, m, n) when n # 1.) 
It follows from the work of Garvan [Gl, G23 that there are a number 
of relations between the numbers M(r, m, mn + s) when m = $7, and 11, 
apart from those already mentioned. Garvan also noticed [Gl, 
Theorem 91 that some “curious” relations between the numbers M(r, 5, n) 
and N(r, 5, n) follow immediately from placing his results alongside those 
in [ASD]. I show in the next section how these relations may be presented 
in a more striking form. In the final section I give some conjectural rela- 
tions between the numbers M(r, m, n) and N(r, m, n) for the cases m = 8,9, 
and 12. 
RESULTS 
We are concerned with linear relations that hold between the sequences 
Mr, m, kn + s), E N and W, m, kn + s),, N (3) 
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(in which the zeroth term is omitted when s = 1) for certain values of m, k, 
and s. I first give some relations that always hold. Since every partition has 
a rank and a crank, 
(4) 
for all n B 0. Since the rank of a partition, rc, is the negative of the rank of 
the conjugate of rc, 
N(m - r, m, n) = N(r, m, n), (5) 
for 0 < r < m and all n > 0. Less obviously (this follows from (2)) 
M(m-r,m,n)=M(r,m,n), (6) 
for O<r<m and n=O or n>l. 
I now give a list of further relations that hold between the sequences (3) 
for the cases m = k = 5 and m = k = 7. Following Garvan, I shall suppose 
that the empty partition of 0 has rank 0. 
THEOREM A. For all n 20 (2 1 in (5.5.1) and (7.7.1)), 
M( 1,5,5n) = M(2, 5, 5n) = N(2, 5, 5n), 
WA 5,5n) - NO, 5, 5n) = 2(N( 1, 5, 5n) - M( 1, 5, 5n)), (5.5.0) 
M(1,5,5n+ l)=N(O, 5,5n+ I), 
M(2,5,5n+l)=N(1,5,5n+l)=N(2,5,5n+l), 
M(O, 5,5n+ l)+M(l, 5,5n+ 1)=2M(2,5,5n+l), (5.5.1) 
M(O, 5,5n + 2) = M( 1,5,5n + 2) = N(0, 5, 5n + 2) = N(2,5, 5n + 2), 
M(2,5,5n + 2) = N( 1,5, 5n + 2), (5.5.2) 
MO, 5,5n + 3) = M(2, 5, 5n + 3) = N(O,5, 5n + 3), 
M(0,5,5n+3)+M(195,5n+3)=N(1,5,5n+3)+N(2,5,5n+3), (5.5.3) 
M(O,5,5n+4)=M(l, 5,5n+4)=M(2,5,5n+4) 
= N(0, 5,5n + 4) = N( 1,5, 5n + 4) = N(2, 5,512 + 4) (5.5.4) 
M(l,7,7n)=M(2,7,7n)=M(3,7,7n)=N(2,7,7n)=N(3,7,7n), 
M(O,7,7n)-N(O,7,7n)=2(N(1,7,7n)-M(1,7,7n)), (7.7.0) 
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M(l,7,7n+ l)=N(O, 7,7n+ 1), 
M(2,7,7n+l)=M(3,7,7n+l)=N(l,7,7n+l) 
= N( 2, 7,7n + 1) = N( 3, 7,7n + 1 ), 
M(0,7,7n+I)+M(1,7,7n+1)=2M(2,7,7n+l), (7.7.1) 
M(O,7,7n + 2) = M(l, 7,7n + 2) = M(3,7,7n + 2) 
= N(O,7,7n + 2) = N(3,7,7n + 2), 
M(O, 7, 7n + 2) + M(2, 7, 7n t 2) =N( 1, 7, 7n + 2) + N(2, 7, 7n + 2), (7.7.2) 
M(O,7,7n+3)=M(3,7,7n+3)=N(O,7,7n+3)=N(2,7,7n+3), 
M(1,7,7n+3)=M(2,7,7n+3)=N(l,7,7n+3)=N(3,7,7n+3), (7.7.3) 
M(O,7,7n + 4) = M(2,7,7n + 4) = M(3,7,7n + 4) 
= N(O,7,7n + 4) = N( 1,7,7n + 4) = N(3,7,7n + 4) 
M( 1,7,7n + 4) = N(2,7,7n + 4) 
M(0, 7, 7n + 5) = . . . = M(3, 7, 7n + 5) 
=N(O, 7,7n+5)= ... =N(3,7,7n+5), 
(7.7.4) 
(7.7.5) 
M(O,7,7n + 6) = M(2,7,7n + 6) = N(O,7, 7n + 6), 
M(I, 7,7n+6)=M(3, 7,7n+6)=N(l, 7, 7n+6), 
M(O, 7,7n + 6) + M(1,7,7n + 6) = N(2,7,7n + 6) + N(3,7,7n + 6). (7.7.6) 
Moreover, for each of these values of (m, k, s), every linear relation on the 
sequences (including the relation (4)) is a consequence of the relations 
(m, k, s) together with the relations (5) and (6). 
Proof: The relations (5.5.0~(5.5.4) follow from [G2, Theorem (4.7)] 
together with [ASD, theorem 41 and (7.7.0)-(7.7.6) follow from [G2, 
Theorem (5.4)] and [ASD, Theorem 51, with the help of (4) in each case. 
As an illustration, I show how (7.7.6) may be derived. 
Write M(r) for M(r, 7, 7n + 6) and N(r) for N(r, 7, 7n + 6). It follows 
from (6.42) in [ASD] and (5.11) in [G2] that 
N(O)-N(l)=M(O)-M(1). (7) 
Equation (6.43) in [ASD] gives 
N(O)+N(l)=N(2)+N(3) (8) 
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and, again using (5.11) in [G2], we find that 
M(O) = M(2) and M(l)=M(3). (9) 
From (4), (5), and (6) it follows that 
3N(0)+4N(l)=N(O)+2N(1)+2N(2)+2N(3) 
=M(O)+2M(1)+2M(2)+2M(3) 
= 3M(O) + 4M( 1). (10) 
Equations (7) and (10) show that 
M(O) = N(0) and M(l)=N(l). (11) 
The relations in (7.7.6) are those of (9) and those of (ll), together with a 
fifth relation found by using (4). Now, it can be checked that the relations 
in (7.7.6) together with those in (5) and (6) are independent and so the 
vector space, V, spanned by the sequences (3) (with (m, k, s) = (7, 7,. 6)) 
has dim V> 3. But the sequences M(O), M( 1 ), and N(2) begin 
M(0): 1, 15, 89, . . . 
M( 1): 2, 14, 90, . . . 
N(2): 2, 15, 90, . ..) 
from which it may be seen that these three sequences are independent. It 
follows that dim V= 3 and that there are no further independent relations. 
QUESTIONS 
Garvan also showed that various relations hold between the numbers 
M(r, m, n) when m= 11 (1.51-1.67 in [G2]) and when m=8,9, and 10 
(1.23-1.32 in [G3]). For m = 10 and 11, there are no more relations 
between the M’s and the N’s, but, when m = 8 and 9, some more do seem 
to hold. In the following list, the “ =” have been shown by Garvan [G3], 
while the “G ” are guesses that I cannot prove: 
M(1,8,4n)=M(3, 8,4n)=* N(2,8,4n):N(4, 8,4n), 
M(2,8,4n)f N(3,8,4n) (8.4.0) 
(8.4.1) 
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M(1,8,4n+2)=M(3,8,4n+2)=*N(2,8,4n+2)~N(O,8,4n+2), 
M(2,8,4n+2)kV(1,8,4n+2). (8.4.2) 
M(O,8,4~1+3)+M(1,8,4n+3)=M(3,8,4n+3)+M(4,8,4n+3) 
~~(0,8,4n+3)+N(1,8,4n+3)~~(2,8,4n+3)+N(3,8,4n+3), 
M(2,8,4n+3)b(1,8,4~+3). (8.4.3) 
M( 1,9, 3n) = M(2,9, 3n) = M(4,9,3n) 
kV(3,9,3n)LV(4,9,3n), (9.3.0) 
M(O,9,3n+l)+M(1,9,3n+l)=M(2,9,3n+l)+M(3,9,3n+l) 
kV(1,9,3n+1)+N(2,9,3n+l)~N(1,9,3n+1)+N(2,9,3n+1) 
M(2,9,3n+l)=M(4,9,3n+l). (9.3.1) 
M(O,9,3n+2)=M(3,9,3~+2)+(0,9,3n+2)%V(4,9,3n+2), 
M(1,9,3n+2)=M(4,9,3~+2). (9.3.2) 
N(2, 12,2n)&(5, 12,217). (12.2.0) 
N(1,12,2n+l)~iV(4,12,2n+l). (12.2.1) 
When m = k = 6, there are no relations (other than those of (4), (5), and 
(6)) holding between the M’s and the N’s, It follows that there are no 
further relations when m = k = 3 nor when m = k = 2. However, I can prove 
THEOREM B. For all n 2 0 ( 2 I in (4.2.1)), 
M( 1, 4, 2n) = N(2, 4, 2n), (4.2.0) 
M(1,4,2n+l)=N(O,4,2n+l). (4.2.1) 
The proof will appear shortly. 
Note. These two relations follow easily from (4.2.0) with the help of 
Garvan’s relation M( 1, 8,2n) = M(3, 8,2n). 
Note added in proof: Nicolas Santa-Gadea and I have now shown all the conjectures 
raised in 8.4.eI2.2.1 to be true. Santa-Gadea uses identities between the mock theta functions, 
while I use the theory of modular forms of half-integral weight. 
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